SOLUTIONS
Lesson 1 Activity Sheet

Activity #1:

Discussion #1:
1. What types of symmetry do you see in the traditional design shown in Figure 1?
The figure is (mostly) symmetric about a vertical axis passing through the center of the figure, since the left side and right side of the design are almost identical mirror images of one another.  There is a missing “feather” extending horizontally to the left from the cap on top, however.  The symmetry observed refers to the types of shapes used, as well as to their size and the degree of shading used.  
2. What are the two basic geometric figures used to construct the design?  How specific can you be in describing them?
The two basic figures are a rectangle and a regular trapezoid.  
All rectangles appearing in the figure are similar (same ratio of length to width).  Most of them appear in the torso and face area.  They also occur in the neck region, but are rotated 90 degrees in this region.  Some of the rectangles are shaded in, while others are plain.  The smallest rectangles can be found at the bottom of the four vertical “strings” descending from the arm and shoulder (elbow and extremities) areas of the figure.
The regular trapezoids make up the leg area, as well as a “skirt”-like area below the torso.  The arms are also constructed with the regular trapezoids, as is the cap above the figure’s head.  These trapezoids are also used descending along the strings down from the figure’s elbows and arm extremities.  In several cases, these trapezoids are attached next to one another, and which sides of them are joined varies in different places (compare, for example, the two trapezoids forming the elbow region with the two trapezoids forming the legs).  As with the rectangles, all of the regular trapezoids are similar to one another (same proportionality between the lengths of sides, and same angles).

3. How is similarity used in the design and how could it be represented in ways we discussed in Stahl?
(Question for Chuck: Can I get access to the reference material?)

Exploration:
Step A:

1. The head in the design is a rectangle.  Locate any other similar shapes in the figure.
All rectangles appearing in the figure are similar (same ratio of length to width).  Most of them appear in the torso and face area.  They also occur in the neck region, but are rotated 90 degrees in this region.  Some of the rectangles are shaded in, while others are plain.  The smallest rectangles can be found at the bottom of the four vertical “strings” descending from the arm and shoulder (elbow and extremities) areas of the figure.

2. Using Geometer’s Sketchpad or Geogebra, construct a rectangle to represent the head.  Label the vertices as show in Figure 2.
3. Place a point P outside the rectangle as given in Figure 2.  Point P will be the center of dilation.
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Step B:  Construct  ∆PEA.
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Step C:  

1. Find the midpoints of PE and PA.  Label these points E’ and A’.

2. Construct E’A’. E’A’ is called the image of the preimage EA.  Verify that ∆PE’A’ is similar to ∆PEA.
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Note that since the segments EA and E’A’ are parallel, the measure of the angles PEA and PE’A’ must be the same, and the measure of the angles PAE and PA’E’ must be the same.  Therefore, the measure of all three angles in both triangles ∆PE’A’ and ∆PEA are the same.  Two triangles all of whose angle measure agree must be similar.
Step D: Using point P once again, repeat Steps B and C again to construct corresponding segments for EH, HD, and DA.
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Step E:  Rectangle H’E’A’D’ is a dilation of rectangle HEAD with the center at point P and a scale factor of H’E’/HE.  What properties of the original rectangle do you predict will be preserved under the dilation?  Verify these conjectures using Sketchpad or Geogebra.

The prediction is that the ratio of lengths of neighboring sides of Rectangle HEAD agrees with the ratio of the lengths of neighboring sides of Rectangle H’E’A’D’.  More precisely, we predict that the length of each side of Rectangle H’E’A’D’ will be one-half the length of each corresponding side of Rectangle HEAD.  This can be verified for the given example.  If we assume that the length of HE is 4 and the length of HD is 2, then the length of H’E’ can be measured as 2 and the length of H’D’ is 1.
Step F:  Move point P to several other locations in the Sketchpad or Geogebra window.  Record the results.

Two more illustrations are included here, and many other examples are possible as well.
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Step G: In part 1 of Step C, you used the midpoints of two segments to construct E’A’.  What do you conjecture would happen if you used two points ¼ of the distance from P to A and P to E, respectively?

The prediction is that the length of each side of the Rectangle H’E’A’D’ will be one-fourth the length of each corresponding side of Rectangle HEAD.  Here is an example verifying this conjecture (it is easy to verify the claim that the lengths of the sides of H’E’A’D’ are all one-fourth of the corresponding lengths of the sides of HEAD):
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Discussion #2:
1. a) What is the value of the scale factor for the dilation of Step E in the Exploration above?
ANSWER: ½ 

b) What is the value of the dilation of Step G in the Exploration?


ANSWER: ¼ 
2. Describe how changing the location of the center of dilation, P, changes the dilation.
ANSWER: The dilation is unaffected by moving the location of P. 

3. How can the size of the dilation be changed?
ANSWER: The size of the dilation can be changed by adjusting the fraction of the distance from P to a point (H, E, A, or D) on the figure the corresponding point (H’, E’, A’, or D’) of the dilated figure is drawn.

4. Can the image from a dilation be larger than the original figure?  If so, under what conditions and give a specific example using Sketchpad or Geogebra.
This can be accomplished by a somewhat different mechanism.  Instead of putting the points H’, E’, A’, and D’ on the segments PH, PE, PA, and PD, respectively, the latter segments can all be extended by some factor (which will represent the scaling factor) to obtain H’E’A’D’ whose side lengths are all longer than the corresponding side lengths of HEAD by the scaling factor.  Here is an example in which the scaling factor is 2: 
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5. A transformation that produces images congruent to their preimages is called an isometry.  Using your work from Stahl, which of the following transformations can be classified as isometries: translations, rotations, reflections?   Justify your response by giving an example on Sketchpad or Geogebra.
An example of a translation:
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An example of a rotation:
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An example of a reflection:
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Activity #2:
Exploration and Extension:

1. Figure a is a reflected image of T.  Find the line of reflection.
This can be obtained by choose any point A on the top figure, then finding the corresponding point B on the reflected figure.  Draw segment AB between these points, then find the midpoint M of AB.  The line of reflection is the line passing through M that is perpendicular to AB. 

2. Figure b is a rotational image of T.  Find the center of rotation.
This can be obtained by selecting a pair of corresponding points A and A’ on T and b, respectively, followed by selecting another pair of corresponding points B and B’ on T and b. Drawing the line L1 of points equidistant from A and A’ and the line L2 of points equidistant from B and B’, we see that these two lines intersect at the center of rotation.
3. Figure c is a translated image of T. 
a) Using our work in Stahl, find a vector to represent the translation.

This can be done by selecting corresponding points A and A’ on T and c and drawing the vector from A to A’. 

b) Again referring to Stahl, find two reflecting lines that could be used to map the preimage onto the image under a double reflection.
ANSWER:  I may need Stahl to see how they do this!
4. Find the center of dilation and the scale factor that maps T onto figure d. 
ANSWER: This problem is not uniquely defined, so perhaps should be re-stated???

